Let k be a nonperfect field of characteristic 2. Let G be a k-split simple algebraic group of type E6 (or G2) defined over k. In this paper, we present the first examples of nonabelian non-G-completely reducible k-subgroups of G which are G-completely reducible over k. Our construction is based on that of subgroups of G acting non-separably on the unipotent radical of a proper parabolic subgroup of G in our previous work. We also present examples with the same property for a non-connected reductive group G. Along the way, several general results concerning complete reducibility over nonperfect fields are proved using the recently proved Tits center conjecture for spherical buildings. In particular, we show that under mild conditions a k-subgroup of G is pseudo-reductive if it is G-completely reducible over k.
In Section 2 we extend several existing results concerning complete reducibility overk to a nonperfect k. Most arguments are based on [4] and the Tits center conjecture (Theorem 3.1) in spherical buildings. We also consider the relationship between complete reducibility over k and pseudo-reductivity [14] . Recall: Definition 1.8. Let k be a field. Let G/k be a smooth connected algebraic group. If the k-unipotent radical R u,k (G) of G is trivial, G is called pseudo-reductive.
Note that if k is perfect, pseudo-reductive groups are reductive. Our main result on pseudoreductivity is the following: Theorem 1.9. Let k = k s be a field. Let 
Open Problem 1.13. Let k be a field. Let G/k be connected reductive. Suppose that a k-subgroup H of G is G-cr over k. Is the centralizer C G (H) of H in G G-cr over k?
It is known that if k =k, the answer to Open Problem 1.13 is yes; see [4, Cor. 3.17] . Also, we show
Proposition 1.14. Let k = k s . Let H/k be a subgroup of G/k. Suppose that H is G-ir over k. Then C G (H) is G-cr over k.
See [34] for more on this problem and other related open problems. Here is the structure of the paper. In Section 2, we set out the notation. Then, in Section 3, we prove various general results including Theorem 1.9, Proposition 1.10, Proposition 1.12, and Proposition 1.14. In Section 4, we prove Theorem 1.2. Then, in Section 5, we consider nonconnected G, and prove Theorem 1.7. Finally, in Section 6, we consider further applications of non-separable actions for non-connected G, and prove Theorem 6.2 and Theorem 6.4.
Preliminaries
Throughout, we denote by k a separably closed field. Although some results hold for an arbitrary field, our assumption on k makes the exposition cleaner. Our references for algebraic groups are [9] , [10] , [12] , [19] , and [26] .
Let G/k be a (possibly non-connected) affine algebraic group defined over k. By a k-group G, we mean ak-defined affine algebraic group with a k-structure [9, AG.11] . We write G(k) for the set of k-points of G. The unipotent radical of G is denoted by R u (G), and G is called reductive if R u (G) = {1}. A reductive group G is called simple as an algebraic group if G is connected and all proper normal subgroups of G are finite. We write X k (G) and Y k (G) for the set of k-characters and k-cocharacters of G respectively.
Let G/k be reductive. Fix a k-split maximal torus T of G (such a T exists by [9, Cor. 18.8] ). Let Ψ(G, T ) denote the set of roots of G with respect to T . We sometimes write Ψ(G) for Ψ(G, T ). Let ζ ∈ Ψ(G). We write U ζ for the corresponding root subgroup of G. We define 
We recall the notions of R-parabolic subgroups and R-Levi subgroups from [24, Sec. 2.1-2.3]. These notions are essential to define G-complete reducibility for subgroups of non-connected reductive groups; see [3] and [4, Sec. 6 ].
Definition 2.1. Let X/k be a k-affine variety. Let φ :k * → X be a k-morphism of k-affine varieties. We say that lim a→0 φ(a) exists if there exists a k-morphismφ :k → X (necessarily unique) whose restriction tok * is φ. If this limit exists, we set lim
If G is connected, R-parabolic subgroups and R-Levi subgroups are parabolic subgroups and Levi subgroups in the usual sense [26, Prop. 8.4.5] . It is well known that
We write P λ (G) or just P λ for the k-parabolic subgroup of G corresponding to λ, and
General results

The Tits center conjecture
Let G/k be connected reductive. We write ∆(G) for the Tits spherical building of G [30] . Recall that each simplex in ∆(G) corresponds to a proper k-parabolic subgroup of G, and the conjugation action of G(k) on itself induces building automorphisms of ∆(G 
Proof. Let ∆(G)
H be the fixed point subcomplex of the action of H. Then the set of ∆(G) H is a convex subcomplex of ∆(G) by [25 Proof of Proposition 1.14. [9, AG.13.3] . So H ≤ P . This is a contradiction since H is G-ir over k.
Complete reducibility and pseudo-reductivity
The main task in this section is to prove Theorem 1.9. Before that, we need some preparations:
Lemma 3.4. Let G/k be connected reductive, and let H be a (not necessarily
Proof. This is [1, Thm. 1.4].
The next result is a slight generalization of [25, Prop. 2.9] , where Serre assumed the subgroup N is k-defined. Note that Serre's argument assumed that Theorem 3.1 holds, but this was not known at the time. We have translated Serre's building-theoretic argument into a grouptheoretic one.
, this is a contradiction by the minimality of P .
We also need the following deep result which was conjectured by Tits [32] and proved by Gille [15] .
Now we are ready:
Proof of Theorem 1.9. We quickly review an example of abelian H < G such that H is G-cr over k but not Gcr. Although this example is known, it has not been interpreted in the context of G-complete reducibility. 
Complete reducibility under isogenies
Proof of Proposition 1.12.
. So we have the first part of the proposition. Now, suppose that there exists a k-parabolic subgroup
By the same argument as in the last paragraph, set Note that if k =k, Proposition 1.12 holds without assuming f central, but if k is nonperfect, the next example shows that the first part of Proposition 1.12 does not necessarily hold: . Then it is clear that
is not G 2 -cr over k; H 2 acts on P 
Open Problem 3.12. Does the second part of Proposition 1.12 hold without assuming f central?
Proof of Theorem 1.2
For the rest of the paper, we assume k = k s is a nonperfect field of characteristic 2 and a ∈ k\k 2 .
The G 2 example
Let G/k be a simple algebraic group of type G 2 . Fix a k-split maximal torus T of G and a k-Borel subgroup of G containing T . Let Σ = {α, β} be the set of simple roots corresponding to B and T where α is short and β is long. Then the set of roots of G is Ψ = {±α, ±β, ±(α + β),
In the following computation, we use the commutation relations for root subgroups of G; see [19, Sec. 33.5] . Define
Proposition 4.1. H is G-ir over k.
Proof. Let
We see that P α is a proper parabolic subgroup of G containing H. Let P be a proper parabolic subgroup of G containing H. We show that P = P α . Let λ ∈ Yk(G) such that
, we may assume that λ(k * ) centralizes M . From [7, Lem. 7 .10], we know that C G (M ) = G 3α+2β . So we can write λ as λ = g · (3α + 2β) ∨ for some g ∈ G 3α+2β . By the Bruhat decomposition, g is in one of the following forms:
for some s ∈k * , x 1 , x 2 ∈k.
We rule out the second case. Suppose that g is in form (2). Since
We show that g −1 · h / ∈ P α . Since h centralizes U 3α+2β and (3α + 2β) ∨ (s)ǫ 3α+2β (x 2 ) belongs to P α for any s ∈k * , x 2 ∈k, without loss, we assume g = n 3α+2β . We compute
So g must be in form (1) above. Then g ∈ P α and P λ = P α . Thus we have shown that P α is the unique proper parabolic subgroup of G containing H. Since H < v( √ a) · P α , we have
Lemma 4.2. v( √ a) · P α is the unique proper parabolic parabolic subgroup containing H.
Lemma 4.3. v(
to P α by [9, Thm. 20.9 ]. So we can write gv( √ a)·P α = P α for some g ∈ G(k). Then gv( √ a) ∈ P α since parabolic subgroups are self-normalizing. Thus g = pv( 
Proposition 4.4. H is not G-cr.
Proof. Recall that
Using the commutation relations, we see that U 3α+2β < C G ( H). Since 3α + 2β, (3α + 2β) ∨ = 2, (3α + 2β) ∨ (s) does not commute with h ∈ H for any s ∈k 
Note that this agrees with Proposition 1.14.
The E 6 example
Let G/k be a simple algebraic group of type E 6 . By Proposition 1.12, we may assume G is simply-connected. Fix a maximal k-split torus T of G and a k-Borel subgroup B of G containing T . Let Σ = {α, β, γ, δ, ǫ, σ} be the set of simple roots of G corresponding to B and T . The next figure defines how each simple root of G corresponds to each node in the Dynkin diagram of E 6 .
We label all positive roots of G in Table 1 in Appendix. The labeling for the negative roots follows in the obvious way. 
We took q 1 , · · · , q 5 from 
be the corresponding homomorphism. Then π(q 1 ) = (2 5)(4 8)(7 11) (10 15) (13 17)(16 19), π(q 2 ) = (1 5)(2 3)(4 17)(6 14)(7 15) (8 11)(9 12) (10 13) (16 20)(18 19), (3 9) (4 8) (5 7) (10 19) (12 18) (13 17) (15 16), π(q 4 ) = (1 4 8)(2 12 5)(3 10 15)(7 18 11)(9 16 19)(13 20 17), π(q 5 ) = ( 1 9 3)(2 7 13)(4 16 10)(5 11 17)(8 19 15) (12 18 20).
The orbits of K in Ψ(R u (P )) are
Proposition 4.7. H is G-ir over k.
Proof. Let 6 . We identify n α , n β , n γ , n δ , n ǫ with (1 2), (2 3), (3 4), (4 5), (5 6) in S 6 . Then q 1 = (1 3), q 2 = (1 4)(2 3)(5 6), q 3 = (1 3)(4 6), q 4 = (1 5 3) and q 5 = (2 6 4). Let
Lemma 4.8. v( √ a) · P is the unique proper parabolic subgroup of G containing H.
Proof. It is clear that
, and T 4 := (δ + ǫ)(k * ). Then T i is a maximal torus of G i for i = 27, 28, 29 and 30 respectively.
Let P λ be a proper parabolic subgroup of G containing H. Then P λ contains M . Since M is G-cr, without loss we may assume that λ(k * ) centralizes M . Recall that by [26, Thm. 13 
Proof. First of all, from equations (4.1), we see that K centralizes G 21 21 . By the Bruhat decomposition, g is in one of the following forms:
for some x 1 , x 2 ∈k, s ∈k * .
By the similar argument to that of the G 2 case, if we rule out the second case we are done. Suppose that g is in form (2) .
It is enough to show that
Since h centralizes U 21 and ǫ 21 (x 2 )(α+2β +3γ +2δ +ǫ+2σ) ∨ (s) belongs to P (α+2β+3γ+2δ+ǫ+2σ) ∨ for any x 2 ∈k, s ∈k * , we may assume g = n 21 . We have
A quick calculation shows n 21 · U 2 = U −2 and n 21 · U −36 = U 36 . Then
So we are done.
Proof. This is similar to Lemma 4.3.
Proposition 4.11. H is not G-cr.
Proof. This is similar to Proposition 4.4. From Lemma 4.9, C G (H)
Note that −2, (α+2β +3γ +2δ +ǫ+2σ) ∨ = −1. So, (α + 2β + 3γ + 2δ + ǫ + 2σ) ∨ (s) does not commute with h for any s ∈k * \{1}. A similar argument to that of the G 2 case shows that C G (H)
• is a normal subgroup of C G (H). Now [4, Cor. 3.17] shows that H is not G-cr.
By Propositions 4.7 and 4.11, we are done.
G-cr over k by the same argument as that of the G 2 example.
Remark 4.13. One can obtain more examples satisfying Theorem 1.2 using nonseparable subgroups in [35, Sec. 3, 4, 5] for G = E 6 , E 7 , and E 8 ; see [36] .
Proof of Theorem 1.7
LetG/k be a simple algebraic group of type A 4 . Let G :=G ⋊ σ where σ is the nontrivial graph automorphism ofG. Fix a maximal k-split torus T and k-Borel subgroup B of G containing T . Define the set of simple roots {α, β, γ, δ} of G as in the following Dynkin
Proof. We have 
This is a contradiction. So, M is L λ -cr, and it is G-cr by [4, Cor. 3.5 and Sec. 6.3] .
Let P µ be a proper R-parabolic subgroup of G containing H. Since M is G-cr, without loss we can assume that M is centralized by µ. It is clear that
Let n α+β+γ+δ := n α n β n γ n δ n γ n β n α . By the Bruhat decomposition, any element g of G α+β+γ+δ can be expressed as
We rule out the second case. Suppose g is in form (2) . Since H ≤ P µ = P g·λ , it is enough to show that g
Since h centralizes U α+β+γ+δ and ǫ α+β+γ+δ (y 2 )λ(s) belongs to P λ for any y 2 ∈k, s ∈k * , without loss, we assume g = n α+β+γ+δ . Then
Thus g is in form (1) and g ∈ P λ , so P λ is the unique proper R-parabolic subgroup of G containing H. A similar argument to the G 2 and the E 6 cases shows that v( • is a normal subgroup of C G (H)
• , so C G (H)
• is G-cr by [8, Ex. 5.20] . This is a contradiction.
Remark 5.2. In the proof of Theorem 1.7, K acts non-separably on R u (P − λ ).
Related results
The following was shown in [7, Sec. 7] , [37, Sec. 4] , [35, Thm. 1.8] . The key to the construction in the proofs was again non-separability.
Note that this is the opposite direction of Theorem 1.2. We now show the following. The point is that if we allow G to be non-connected, computations become much simpler than the connected cases. Proof. Let G be as in the hypotheses. Fix a maximal k-split torus T of G and a k-Borel subgroup containing T . Let {α, β} be the set of simple roots of G corresponding to T and B. Let λ := (α + β) 
P λ → L λ be the canonical projection. For any s ∈ H, we have
So, u = v( √ a)z for some z ∈ C Ru(P λ ) (K)(k). We compute C Ru(P λ ) (K) = U α+β . So, u = v( √ a)ǫ α+β (x) = ǫ α ( √ a)ǫ β ( √ a)ǫ α+β (x) for some x ∈ k. This is a contradiction since u is a k-point. Thus H is not G-cr over k.
To finish the paper, we consider another application of non-separability for non-connected G with a slightly different flavor. In [7, Sec. 7] The following is much easier to prove than the connected cases. [8, Thm. 3.3] , it is enough to show that σ is not R u ((P λ )(M ))-conjugate to σǫ α+β (a). This is easy since R u ((P λ )(M )) = U α+β which is centralized by σ. We are done. 
